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1. Introduction

The major weakness of CreditMetrics is not the methodology, which is rather appealing, but the reliance on transition probabilities based on average historical frequencies of defaults and credit migration. The accuracy of CreditMetrics calculations relies upon two critical assumptions: first, all firms within the same rating class have the same default rate, and second, the actual default rate is equal to the historical average default rate. The same assumptions also apply to the other transition probabilities. In other words, credit rating changes and credit quality changes are identical, and credit rating and default rates are synonymous, i.e. the rating changes when the default rate is adjusted, and vice versa. 


This view has been strongly challenged by KMV.
  Indeed, this cannot be true since default rates are continuous, while ratings are adjusted in a discrete fashion, simply because rating agencies take time to upgrade or downgrade companies whose default risk have changed. KMV has shown through a simulation exercise that the historical average default rate and transition probabilities can deviate significantly from the actual rates. In addition, KMV has demonstrated that substantial differences in default rates may exist within the same bond rating class, and the overlap in default probability ranges may be quite large with, for instance, some BBB and AA rated bonds having the same probability of default. KMV has replicated 50,000 times, through a Monte Carlo simulation, Moody’s study of default over a 25-year period. For each rating they have assumed a fixed number of obligors which is approximately the same as in Moody’s study. For each rating they have assumed that the true probability of default is equal to the reported Moody’s average default rate over the 25-year period. KMV has also run the simulation for several levels of correlation among the asset returns, ranging from 15% to 45%.  A typical result is illustrated in Figure 1 for a BBB obligor. Given an exact default probability of 13bp, the 25-year average historical default rate ranges between 4bp and 27bp at the 95% confidence level, for an asset correlation of 15%.
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Figure 1:  Monte Carlo simulated distribution of average default rate for a BBB bond

with a true default rate of  0.13%

Source: KMV Corporation 
The distribution is quite skewed so that the mean default rate usually exceeds the typical (median) default rate for each credit class. Thus the average historical default probability overstates the default rate for a typical obligor.

An alternative to the credit migration approach is the economic approach to evaluate credit risk.  The economic value of default is presented as a put option on the value of the firm’s assets.  The merit of this approach is that each case can be analyzed individually based on its unique features.  But this is also the drawback, since the information needed is rarely available to the bank or the investor.

Different approaches have been proposed in the literature, which are all consistent with the arbitrage free pricing methodology.
 The option pricing model, with the seminal paper by Merton (1974)
, builds on the limited liability rule which allows shareholders to default on their obligations while they surrender the firm’s assets to the various stakeholders, according to pre-specified priority rules. The firm’s liabilities are thus viewed as contingent claims issued against the firm’s assets, with the payoffs to the various debt-holders completely specified by seniority and safety covenants. Default occurs at debt maturity when the firm’s assets value falls short of debt value at that time, and then, the loss distribution conditional on default is endogenously determined. 

Another alternative to this approach proposed by Hull and White (1995), and Longstaff and Schwartz (1995), and described in Chapter 10, allows bankruptcy to occur at a random default time. Bankruptcy is triggered the first time the value of the firm’s assets reaches some pre-specified default boundary, and it also assumes exogenous the loss in the event of default. This approach simplifies the bankruptcy process by not relying explicitly on the priority structure of the debt instruments, but it looses its generality by assuming an exogenous recovery rate for each promised dollar in case of default. These models allow for stochastic interest rates.

The most recent reduced form approach developed independently by Duffie and Singleton (1994), Jarrow and Turnbull (1995), and Jarrow, Lando and Turnbull (1997), and summarized in Chapter 10,  characterizes bankruptcy as an exogenous process, e.g. a Markov process in the firm’s credit ratings, which does not explicitly depends on the firm’s assets and the priority rules for the various debt instruments. However, they still need to assume the recovery factor as given in the event of default. Contrary to the previous approach the default event is not defined and occurs at a random time.
 These models allow one to derive the term structure of default probabilities from credit spreads, while assuming exogenous and somewhat arbitrary the recovery rate.

In this chapter we adopt the traditional option-pricing framework to value corporate securities, and we show that it allows us to retrieve results derived by Jarrow and Turnbull (1995). That is the credit spread on a corporate bond is the product of the probability of default and the loss rate. However, in the contingent claim model, the loss rate is endogenously determined and depends on the firm’s assets value, volatility, and the default-free interest rate for the same maturity.  In Section 2 we present the economic value of default as a put option.   A numerical example is used to illustrate the application of option pricing theory to the assessment of credit risk.  The probability of default and the conditional expected recovery rates are derived from the model in Section 3. 

2. 
A Structural Model of Default Risk

The model presented in this section assumes a simple capital structure with one type of (zero-coupon) debt.  It can be, however, easily extended to the case where the firm has issued senior and junior debts.  Then the loss rates for each type of debts are endogenously derived, together with the default probability.


Consider the simple case of a firm with risky assets V, which is financed by equity, S, and by one debt obligation,
 maturing at time T with face value (including accrued interest) of F and market value B.  The loan to the firm is subject to credit risk, namely the risk that at time T the value of the firm’s assets, 
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, will be below the obligation to the debt holders, F.  Credit risk exists as long as the probability of default, Prob (VT < F), is greater than zero, which implies that at time 0, B0 < 
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, i.e. the yield to maturity on the debt, yT , is higher than the risk free rate, r, where (T = yT  - r denotes the default spread which compensates the bond holders for the default risk they bear.  If we assume that markets are frictionless, with no taxes, and there is no bankruptcy cost, then the value of the firm’s assets is simply the sum of the firm’s equity and debt, i.e.
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From the viewpoint of a bank which makes a loan to the firm, the questions are whether the bank can eliminate/reduce credit risk, and at what price? What is the economic cost of reducing credit risk? And, what are the factors affecting this cost? 

In this simple framework, credit risk is a function of the financial structure of the firm, i.e. its leverage ratio LR 
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 is the present value of the firm’s assets, and 
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 is the present value of the debt obligation at maturity), the volatility of the firm’s assets, (, and the time to maturity of the debt, T.  The model was initially suggested by Merton (1974) and further analyzed by Galai and Masulis (1976).

The value of credit risk for the bank loan when this loan is the only debt instrument of the firm, and assuming that the only other source of financing is equity, is equal to the value of a put option on the value of assets of the firm, V, at a striking price of F, maturing at time T.   If the bank purchases such a put option, it completely eliminates the credit risk associated with the loan.  This is illustrated in Table 1.

By purchasing the put on V for the term of the debt, with a striking price equal to the face value of the loan, the bank can completely eliminate all the credit risk, and convert the risky corporate loan into a riskless loan with face value of F.  If the riskless interest rate is r, than in equilibrium it should be that 
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Table 1:  Bank’s pay-off matrix at times 0 and T

for making a loan and buying a put option

Time
0
T

Value of Assets
Vo
VT  ( F
VT > F

Bank’s Position:




(a) make a loan
- Bo
VT
F






(b) buy a put
- P0
F - VT
0






Total
-Bo – P0
F
F

Thus, the value of the put option is the cost of eliminating the credit risk associated with providing a loan to the firm.  If we make the assumptions needed to apply Black and Scholes (1973) (BS) model to equity and debt instruments (see Galai and Masulis (1976) for a detailed discussion of the assumptions), we can write the value of the put as:
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where P0 is the current value of the put, N(.) is the cumulative standard normal distribution, and
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and 
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 is the standard deviation of the rate of return of the firm’s assets.

The model illustrates that the credit risk, and its costs, is a function of the riskiness of the assets of the firm 
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, and this risk is also a function of the time interval until debt is paid back, T.  The cost is also affected by the risk-free interest rate r: the higher r is, the less costly it is to reduce credit risk.  The cost is a homogeneous function of the leverage ratio, LR = 
[image: image14.wmf]Fe

V

rT

-

/

0

, which means it stays constant for a scale expansion of 
[image: image15.wmf]Fe

V

rT

-

/

0

.

We can now derive the yield to maturity for the corporate discount debt, 
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, as follows:
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so that the default spread, (T, defined as (T   = yT - r, can be derived from equation (2):


(T   = yT - r = 
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The default spread can be computed exactly as a function of the leverage ratio,              LR 
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Fe-rT/Vo , the volatility of the underlying assets, (, and the debt maturity, T. The  numerical examples in Table 2 show the default spread for various levels of volatility and different leverage ratios.


Note that when the risk-free rate, r, increases, the credit spread, 
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. Indeed, the higher is r, the less risky is the bond (the lower is the value of the put protection). Therefore, the lower is the risk premium, 
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Table 2: Default spread for corporate debt


(For V0 = 100, T = 1, and r = 10%
)


Volatility of underlying asset: 
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Leverage ratio: LR
0.05
0.10
0.20
0.40

0.5
0
0
0
1.0%

0.6
0
0
0.1%
2.5%

0.7
0
0
0.4%
5.6%

0.8
0
0.1%
1.5%
8.4%

0.9
0.1%
0.8%
4.1%
12.5%

1.0
2.1%
3.1%
8.3%
17.3%


In Table 2, by using the BS model when Vo = 100, T = 1, r = 10% and also 
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 = 40% with the leverage ratio LR = 70%,
 we obtain for the value of equity, So = 33.37 and the value of the corporate risky debt, Bo = 66.63.  The yield on the loan is equal to 
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 i.e. there is a 5.6% risk premium on the loan to reflect the credit risk.


The model also shows that the put value is P0=3.37.  Hence the cost of eliminating the credit risk is 3.37 dollars for 100 dollars worth of the firm’ s assets, for the case the face value of the one-year debt is 77.  This cost drops to 25 cents when volatility decreases to 20% and to 0 for ten percent volatility.  The riskiness of the assets as measured by the volatility, (, is a critical factor in determining credit risk.


To see that the bank eliminates all its credit risk by buying the put, we can compute the yield on the bank’s position as: 
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EMBED Equation.3[image: image27.wmf]
which translates to a riskless yield of 10% per annum.


In Appendix I we show how the conventional analysis, based on yield spreads, can be transformed to the options approach.

3.
Probability of Default, Conditional Expected Recovery Value, and Default Spread.


From equation (2) one can extract the probability of default for the loan.  In a risk-neutral world 
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 is the probability the firm’s value at time T will be higher than F, and 
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is the probability of default.


By purchasing the put, P0, the bank buys an insurance policy whose premium is the discounted expected value of the expected shortfall in the event of default.  Indeed, equation (2) can be rewritten as:
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(4)

Equation (4) decomposes the premium on the put into three factors.  The absolute value of the first term inside the bracket is the expected discounted recovery value of the loan, conditional on 
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.  It represents the risk-neutral expected payment to the bank in the case the firm is unable to pay the full obligation F at time T.   The second term in the bracket is the current value of a riskless bond promising a payment of F at time T.  Hence, the sum of the two terms inside the brackets yields the expected shortfall in present value terms, conditional on the firm being bankrupt at time T.  The final factor which determines P0 is the probability of default, 
[image: image32.wmf]N

d

(

)

-

2

.  By multiplying the probability of default by the current value of the expected shortfall we derive the premium for insurance against default.

Using the same numerical example as in the previous section (i.e. Vo = 100, T = 1, r = 10%, ( = 40%, F = 77 and LR = 0.7), we obtain:

Discounted expected recovery value 
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The above results are based on risk-neutrality assumption.  For the general case, when the assumption of a risk-neutral world is removed, the probability of default is given by 
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[image: image40.wmf]and where 
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 is the expected rate of return on asset V, and V is assumed to be log-normally distributed.  (See Boness (1964) and Galai (1978) for an explanation of this result.)  Referring to our numerical example, the risk-neutral probability of default is 24.4%.  If we assume that the discrete time 
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 is 16%, the probability of default is 20.5%.  The expected recovery value is now: 
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From (4) we can compute the expected loss, ELT, in the event of default, at maturity date, T:

ELT  = probability of default x loss in case of default = 
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= 
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EMBED Equation.3[image: image46.wmf]
Again, using our previous numerical example we obtain:


ELT = 0.244 x 77 - 0.137 x 100e0.0953 = 3.718

This result is consistent with the definition of the default spread and its derivation in (3).  Indeed, from (5) the expected pay-off from the corporate debt at maturity is:
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so the expected cost of default, expressed in yield, is:
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which is identical to (3). 


The result in equation (5) is similar to the conclusion in Jarrow and Turnbull’s (1995) model, which is used to price credit derivatives, i.e. the credit spread is the product of the probability of default and the loss in the event of default. However, in their model they assume that the term structure of credit spread is known and can be derived from market data. The forward spread can then be easily derived.  By assuming that the recovery factor is given and exogenous to the model, they can imply the forward probability of default.


In the contingent claim model we reach the same conclusion, but both the probability of default and the recovery rate are simultaneously derived from equilibrium conditions. From equation (3) and (4) it is clear that the recovery rate cannot be assumed constant, it keeps varying as a function of time to maturity and the value of the firm’s assets.

4.
Estimating Credit Risk as a Function of Equity Value


In Section 2 we have shown that the cost of eliminating credit risk can be derived based on the value of the firm’s assets.  A practical problem arises over the frequent unavailability of observations on V.  In some cases, if both equity and debt are traded, V can be reconstructed by adding the market values of both equity and debt.  However, corporate loans are not often traded and the only observations we have are on equity.  The question then is whether the risk of default can be hedged by trading shares and derivatives on the firm’s stock.  


In our simple framework, equity itself is a contingent claim on the firm’s assets.  Its value can be expressed as:
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Equity value is a function of the same parameters as the put calculated in equation (2).


A put can be created synthetically by selling short 
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 units of government bonds maturing at T, with face value of F.  If one sells short 
[image: image52.wmf]N

d

N

d

(

)

(

)

-

1

1

 units of the stock, S, one effectively creates a short position in the firm’s assets of 
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Therefore, if V is not directly traded or observed, one can create a put option dynamically by selling short the appropriate number of shares.  The equivalence between the put and the synthetic put is valid over short time intervals, and must be readjusted frequently with changes in S and in time left to debt maturity.


Using the data from the previous numerical example 
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 This means that in order to insure against default of one-year loan with maturity value of  77, for a firm with  current  market value of assets of  100,  the  bank should sell short 0.159 of the outstanding equity.  (Note that the outstanding equity is equivalent to a short term holding of 
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of the firm’s assets.  Shorting .159 of equity is equivalent to shorting 0.863 of the firm’s assets.)

The question now is whether we can use a put option on equity in order to hedge the default risk.  It should be remembered that equity itself reflects the default risk, and as a contingent claim its instantaneous volatility, 
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where 
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 is the instantaneous elasticity of equity with respect to the firm’s value, and 
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 is stochastic, changing with V, the conventional BS model cannot be applied to the valuation of puts and call on S.  The BS model requires 
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 to be constant, or, to follow a deterministic path over the life of the option.  However, it was shown by Bensoussan, Crouhy, and Galai (1994 and 1995) that a good approximation can be achieved by employing equation (7) in the  BS model.

In practice, for long term options, the estimated 
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 from (7) is not expected to change widely from day to day.  Therefore, equation (7) can be used in the context of BS estimation of long-term options, even when the underlying instrument does not follow a stationary lognormal distribution.

5. KMV Approach

KMV derives the actual probability of default, the EDF, for each obligor based on a Merton (1974)’s type of model. The probability of default is thus as a function of the firm’s capital structure, the volatility of the asset returns and the current asset value. 
 The EDF is firm specific, and can be mapped into any rating system to derive the equivalent rating of the obligor. EDFs can be viewed as a “cardinal ranking” of obligors relative to default risk, instead of the more conventional “ordinal ranking” proposed by rating agencies and which relies on letters like AAA, AA, etc. Contrary to CreditMetrics, KMV’s model doesn’t make any explicit reference to the transition probabilities which, in KMV’s methodology, are already imbedded in the EDFs. Indeed, to each value of the EDF is associated a spread curve and an implied credit rating.

Credit risk in KMV is essentially driven by the dynamics of the asset value of the issuer. Given the capital structure of the firm,
 and once the stochastic process for the asset value has been specified, then the actual probability of default for any time horizon, 1 year, 2 years, etc. can be derived.  Figure 2 schematizes how the probability of default relates to the distribution of asset returns and the capital structure of the firm. As in the previous chapter, it is assumed that the firm has a very simple capital structure, as it is financed only by equity, St, and a single zero-coupon debt instrument maturing at time T, with face value F, and current market value Bt. The firm’s balance sheet can be represented as follows: 
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 where Vt is the value of all the assets. The firm’s assets value, Vt, is assumed to follow a standard geometric Brownian motion (See Chapter 8). In this framework, default only occurs at maturity of the debt obligation, when the value of assets is less than the promised payment, F, to the bond holders. Figure 2 shows the distribution of the assets’ value at time T, the maturity of the zero-coupon debt, and the probability of default that is the shaded area below F.


KMV best applies to publicly traded companies for which the value of equity is market determined. The information contained in the firm’s stock price and balance sheet can then be translated into an implied risk of default as shown in the next section.


The derivation of the actual probabilities of default proceeds in 3 stages that are discussed below: 

· estimation of the market value and volatility of the firm’s assets,

· calculation of the distance to default, which is an index measure of default risk, and; 

· scaling of the distance to default to actual probabilities of default using a default database.
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Figure 2:  Distribution of the firm’s assets value at maturity of the debt obligation

5.1 
Estimation of the asset value, VA, and the volatility of asset return, (A.

In the contingent claim approach to the pricing of corporate securities, the market value of the firm’s assets is assumed to be lognormally distributed, i.e. the log-asset return follows a normal distribution.
 This assumption is quite robust and, according to KMV’s own empirical studies, actual data conform quite well to this hypothesis.
 In addition the distribution of asset return is stable over time, i.e. the volatility of asset return stays relatively constant. 

If all the liabilities of the firm were traded, and marked-to-market every day, then the task of assessing the market value of the firm’s asset and its volatility would be straightforward. The firm’s asset value would be simply the sum of the market values of the firm’s liabilities, and the volatility of the asset return could be simply derived from the historical time series of the reconstituted asset value.


In practice, however, only the price of equity for most public firms is directly observable, and in some cases part of the debt is actively traded. The alternative approach to assets valuation consists in applying the option pricing model to the valuation of corporate liabilities as suggested in Merton (1974).
 In order to make the model tractable, KMV assumes that the capital structure is only composed of equity, short-term debt which is considered equivalent to cash, long term debt which is assumed to be a perpetuity, and convertible preferred shares. 
 With these simplifying assumptions it is then possible to derive analytical solutions for the value of equity, S, and its volatility, (S:


S = f (V, ( , L, c, r)






(8)


(S = g (V, ( , L, c, r)






(9)

where L denotes the leverage ratio in the capital structure, c is the average coupon paid on the long term debt and r is the risk free interest rate.

If S were directly observable, like the stock price, we could solve, simultaneously (8) and (9) for V and .  But the instantaneous equity volatility, S, is relatively unstable, and is in fact quite sensitive to the change in assets value, and there is no simple way to measure precisely S from market data.
 Since only the value of equity, S, is directly observable, we can back out V from (8) that becomes a function of the observed equity value, or stock price, and the volatility of asset returns:

V  =  h (S, ( , L, c, r )






(10)

To calibrate the model for 
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, KMV uses an iterative technique.

5.2 Calculation of the distant to default

In the option pricing framework default, or equivalently bankruptcy, occurs when the assets value falls below the value of the firm’s liabilities. In practice, default is distinct from bankruptcy that corresponds to the situation where the firm is liquidated, and the proceeds from the assets sale is distributed to the various claim holders according to pre-specified priority rules. Default is the event when a firm misses a payment on a coupon and/or the reimbursement of principal at debt maturity. Cross-default clauses on debt contracts are such that when the firm misses a single payment on a debt, it is declared in default on all its obligations. Since the early 80’s, Chapter 11 regulation protects firms in default by maintaining them as going concerns during the period where they restructure their activities and their financial structure.  Figure 3 shows the number of bankruptcies [image: image150.wmf]¶
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and defaults from the period 1973 to 1994.
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KMV has observed from a sample of several hundred companies that firms default when the asset value reaches a level somewhere between the value of total liabilities and the value of short term debt. Therefore, the tail of the distribution of asset value below total debt value may not be an accurate measure of the actual probability of default. Loss of accuracy may also result from other factors such as the non-normality of asset return distribution, the simplifying assumptions about the capital structure of the firm.  This can be further aggravated by the fact that there are unknown undrawn commitments (lines of credit) which, in case of distress, will be used and as a consequence may unexpectedly increase liabilities while providing the necessary cash to honor promised payments. 
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STD = 
short-term debt

LTD = 
long-term debt

DPT = 
default point = STD + ½ LTD

DD   = 
distance-to-default which is the distance between the expected asset value in one year, E(V1), and

the default point, DPT expressed in standard deviation of future asset returns:

Figure 4:  Distance to Default (DD)
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For all these reasons, KMV implements an intermediate phase before computing the probabilities of default. As shown in Figure 4, which is similar to Figure 2, KMV computes an index called “distance to default” (DD).  DD is the number of standard deviations between the mean of the distribution of the asset value, and a critical threshold, the “default point”, set at the par value of current liabilities including short term debt to be serviced over the time horizon, plus half the long term debt.

Given the lognormality assumption of asset values, the distance to default expressed in unit of asset return standard deviation at time horizon T, is: 
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where
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= expected return on assets, net of cash outflows
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= annualized asset volatility

It follows that the shaded area below the default point is equal to 
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5.3
Derivation of the probabilities of default from the distance to default

This last phase consists in mapping the “distance-to-default” (DD) to the actual probabilities of default, for a given time horizon (see Figure 5). These probabilities are called by KMV, EDFs, for Expected Default Frequencies.

Based on historical information on a large sample of firms, which includes firms which defaulted one can estimate, for each time horizon, the proportion of firms of a given ranking, say DD = 4, which actually defaulted after one year. This proportion, say 40bp, or 0.4%,  is the EDF  as shown in Figure 5.
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Figure 5: Mapping of the “distance to default” into the EDFs, for a given time horizon

Example 1: 


Current market value of assets: 

V0 = 1,000


Net expected growth of assets per annum: 
20%


Expected asset value in one year:

V0 (1.20) = 1,200


Annualized asset volatility, (:


100


Default point:




800

then
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Assume that among the population of all the firms with a DD of 4 at one point in time, e.g. 5,000, 20 defaulted one year later, then:
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The implied rating for this probability of default is BB+.

The next example is provided by KMV and relates to Federal Express on two different dates: November 1997 and February 1998.
Example 2: Federal Express ($ figures are in billion of US$)
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0.06% (6bp) 
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This last example illustrates the main causes of changes for an EDF, i.e. the variations in the stock price, the debt level (leverage ratio), and the asset volatility that is the expression of the perceived degree of uncertainty on the business value.

5.4.  EDF as a predictor of default

KMV has provided the service “Credit Monitor” of estimated EDFs since 1993. EDFs have proved to be a useful leading indicator of default, or at least of the degradation of the creditworthiness of issuers. When the financial situation of a company starts to deteriorate, EDFs tend to shoot up quickly until default occurs as shown in Figure 6. Figure 7 shows the evolution of equity value, asset value, as well as the default point during the same period. On the vertical axis of both graphs the EDF in percent, together with the corresponding Standard & Poor’s rating are shown. 

KMV has analyzed more than 2,000 US companies that have defaulted or entered into bankruptcy over the last 20 years, these firms belonging to a large sample of more than 100,000 company-years with data provided by Compustat. In all cases KMV has shown a sharp increase in the slope of the EDF between one year and two years prior to default.

Changes in EDFs tend also to anticipate at least by one year the downgrading of the issuer by rating agencies like Moody’s and Standard & Poor’s, as shown in Figure 8.

Contrary to Moody’s and Standard & Poor’s historical default statistics, EDFs are not biased by periods of high or low defaults. Distant to default can be observed to decrease during recession periods where default rates are high, and increase during periods of prosperity characterized by low default rates.

Figure 6:  EDF of a firm which actually defaulted versus EDFs of firms in various 
quartiles and the lower decile.

(The quartiles and decile represent a range of EDFs for a specific credit class.)
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Figure 7: Assets value, equity value, short term debt and long term debt of a firm which 
actually defaulted

Figure 8: EDF of a firm which actually defaulted versus Standard & Poor’s rating 
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5.5.   EDFs and Ratings

Standard & Poor’s risk ratings represent default probabilities only, while Moody’s factors also include a measure of the probability of loss, i.e. EDF*LGD. Table 3 shows the correspondence between EDFs and the ratings of Standard & Poor’s, Moody’s, as well as the internal ratings of CIBC, Nationbank and Swiss Bank Corp. The ratings of Nationbank and Swiss Bank were published in their recent CLO transactions.

EDF
S&P
Moody’s factors
CIBC
Nationsbank
SBC

2 to 4 bps
>=AA
> = Aa2
1
AAA
C1

4 to 10 bps
AA/A
A1
2
AA
C2

10 to 19 bps
A/BBB+
Baa1
3
A
C3

19 to 40 bps
BBB+/BBB-
Baa3
4
A/BB
C4

40 to 72 bps
BBB-/BB
Ba1
4.5
BBB/BB
C5

72 to 101 bps
BB/BB-
Ba3
5
BB
C6

101 to 143 bps
BB-/B+
B1
5.5
BB
C7

143 to 202 bps
B+/B
B2
6
BB/B
C8

202 to 345 bps
B/B-
B2
6.5
B
C9

Table 3: EDFs and risk rating comparisons

Within any rating class the default probabilities of issuers are clustered around the median. However, as we discussed earlier, the average default rate for each class is considerably higher than the default rate of the typical firm. This is because each rating class contains a group of firms which have much higher probabilities of default, due to the approximate exponential change in default rates as default risk increases. These are firms which should have been downgraded, but as of yet no downgrade has occurred. There are also firms that should have been upgraded. Table 4  shows the variation of the EDFs within each rating class.

Quantiles
10
25
50
75
90
Mean

AAA
0.02
0.02
0.02
0.02
0.10
0.04

AA
0.02
0.02
0.02
0.04
0.10
0.06

A
0.02
0.03
0.08
0.13
0.28
0.14

BBB
0.05
0.09
0.15
0.33
0.71
0.30

BB
0.12
0.22
0.62
1.30
2.53
1.09

B
0.44
0.87
2.15
3.80
7.11
3.30

CCC
1.43
2.09
4.07
12.24
18.82
7.21

Source: KMV Corporation

Table 4: Variation of  EDFs within rating classes

Three consequences follow from the previous analysis. First, since the rating agencies are slow to change their ratings, the historical frequency of staying in a rating class should overstate the true probability of keeping the same credit quality. Second, the average historical probability of default overstates the true probability of default for typical firms within each rating class, due to the difference between the mean and the median default rates. Third, if both the probability of staying in a given rating class, and the probability of default are too large, then the transition probabilities must be too small.


KMV has constructed a transition matrix based upon default rates rather than rating classes. They start by ranking firms into groups based on non-overlapping ranges of default probabilities that are typical for a rating class. For instance all firms with an EDF less than 2 bp are ranked AAA, then those with an EDF comprised between 3 bp and 6 bp are in the AA group, firms with an EDF of 7 bp to 15 bp belong to A rating class, and so on. Then, using the history of changes in EDFs we can produce a transition matrix  shown in Table 5 which is similar in structure to the one produced in Table 1 of Chapter 8 and reproduced below as Table 6. 

However, the difference in the various probabilities between the two tables is striking, but as expected. According to KMV, except for AAA, the probability of staying in the same rating class is between half and one third of historical rates produced by the rating agencies. KMV’s probabilities of default are also lower, especially for the low-grade quality. Migration probabilities are also much higher for KMV, especially for the grade above and below the current rating class.

Initial 
Rating at year-end (%)

Rating
AAA
AA
A
BBB
BB
B
CCC
Default

AAA
66.26
22.22
7.37
2.45
0.86
0.67
0.14
0.02

AA
21.66
43.04
25.83
6.56
1.99
0.68
0.20
0.04

A
2.76
20.34
44.19
22.94
7.42
1.97
0.28
0.10

BBB
0.30
2.80
22.63
42.54
23.52
6.95
1.00
0.26

BB
0.08
0.24
3.69
22.93
44.41
24.53
3.41
0.71

B
0.01
0.05
0.39
3.48
20.47
53.00
20.58
2.01

CCC
0.00
0.01
0.09
0.26
1.79
17.77
69.94
10.13

Source: KMV Corporation

Table 5: KMV one-year transition matrix based on non-overlapping EDF ranges

Initial
Rating at year-end (%)

Rating
AAA
AA
A
BBB
BB
B
CCC
Default

AAA
90.81
8.33
0.68
0.06
0.12
0
0
0

AA
0.70
90.65
7.79
0.64
0.06
0.14
0.02
0

A
0.09
2.27
91.05
5.52
0.74
0.26
0.01
0.06

BBB
0.02
0.33
5.95
86.93
5.30
1.17
1.12
0.18

BB
0.03
0.14
0.67
7.73
80.53
8.84
1.00
1.06

B
0
0.11
0.24
0.43
6.48
83.46
4.07
5.20

CCC
0.22
0
0.22
1.30
2.38
11.24
64.86
19.79

Source:  Standard & Poor’s CreditWeek (April 15, 1996)

Table 6: Transition matrix based on actual rating changes

These differences may have a considerable impact on the VaR calculations such as those derived in the previous section related to CreditMetrics.
6.  KMV’s valuation model for cash flows subject to default risk

In CreditMetrics the valuation model is quite simplistic and has already been described in Chapter 8.  If one year is the time horizon, then the forward value of a bond is the discounted value of the future cash flows beyond one year, where the discount factors are derived from the forward yield curve.  To each credit rating is associated a specific spread curve, and the distribution of future values follows from the transition probabilities.

In KMV the approach is quite different, and is consistent with the option pricing methodology to the valuation of contingent cash flows.  Given the term structure of EDFs for a given obligor, we can derive the net present value of any stream of contingent cash flows.  More specifically, KMV’ s pricing model is based upon the “risk neutral” valuation model, also named the Martingale approach to the pricing of securities, which derives prices as the discounted expected value of future cash flows.  The expectation is calculated using the so-called “risk neutral” probabilities and not the actual probabilities as they can be observed in the market place from historical data or the EDFs.
 Assuming, for the time being, that we know how to derive the “risk neutral probabilities” from the EDFs, then the valuation of risky cash flows proceeds in two steps, first the valuation of the default free component, and second, the valuation of the component exposed to credit risk. In Appendix 2 we illustrate how to use risk neutral probabilities to value a bond or a loan subject to default risk, and a credit derivative.

6.1  Derivation of the “risk neutral” EDFs

Equation (5) in Section 4 illustrates how the risk-neutral probability of default is used in order to estimate the expected loss in present value terms from a risky zero-coupon bond.  A similar procedure can be used for a multi period bond with a given coupon payment.


The practical problem faced by the analyst is that the empirical frequencies of default deviate from the risk neutral probabilities.  In theory the difference, for the simple case discussed in Section 4, is between 
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, it thus follows that the cumulative risk neutral EDF, QT, at horizon T can be expressed as a function of the EDF:
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Since 
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 i.e. the risk neutral probability of default, after adjusting for the price of risk, is higher than the actual probability of default.

According to the CAPM
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with
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where 
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 and 
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 denote the return as the firm’s asset and the market portfolio, respectively; 
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 are the volatility of the asset return and the market return, respectively; Rho is the correlation between the asset’s return and the market’s return, and
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where 
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 denotes the expected return on the market portfolio, and r is the risk free rate.

It follows that:
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where 
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denotes the market Sharpe ratio, i.e. the excess return per unit of market volatility for the market portfolio.

Substituting (16) into (12) we obtain:
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Rho is estimated by the linear regression of asset returns against market returns:
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where 
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 is the intercept of the regression and 
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 is the error term.  Rho is simply the square root of the R-squared of this regression.

In practice, 
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, the market risk premium is difficult to estimate statistically, and it varies over time.  In addition, the EDF is not precisely the shaded area under the default point in Figure 2, and the asset return distribution is not exactly normal.  For all these reasons, KMV estimates the risk neutral EDF, QT, by calibrating the market Sharpe ratio, S, and 
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 in the following relation, using bond data:
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where 
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 is a time parameter which should be, in theory, equal to ½.

Assuming we have derived the zero-coupon curve for an obligor, then according to the pricing model (A3) presented in Appendix 2:
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for i=1,….,n, where
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Combining (15) and (17) we obtain:
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where 
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 is the obligor’s corporate spread for maturity 
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 S and 
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 are calibrated to produce the best fit of (22) in the least square sense.

7.  Asset return correlation model

CreditMetrics and KMV derive asset return correlations from a structural model that links correlations to fundamental factors. By imposing a structure on the return correlations, sampling errors inherent in simple historical correlations are avoided, and a better accuracy in forecasting correlations is achieved. In addition, there is a practical need to reduce dramatically the number of correlations to be calculated.  Assume that a bank is dealing with N=1,000 different counterparties.  Then, we have N(N-1)/2 different correlations to estimate, i.e., 499,500.  This number is staggering.  Multi-factor models of asset returns reduce correlations to be calculated to those between the limited number of common factors affecting asset returns.

It is assumed that the firm’s asset returns are generated by a set of common, or systematic risk factors, and idiosyncratic factors. The idiosyncratic factors are either firm specific, or country or industry specific, and do not contribute to asset return correlations, since they are not correlated with each other and not correlated with the common factors. Asset return correlations between two firms are only explained by the common factors to all firms. Only the risks associated with the idiosyncratic risk factors can be diversified away through portfolio diversification, while the risk contribution of the common factors is, on the contrary, non-diversifiable.

For the sake of illustration, assume the asset return generating process for all firms is:
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where:


N 
is the number of obligors (firms)


rk
is the asset return for firm k,


k
is the component of asset return independent of common factors


I1,I2
are the common factors,


1k,2k
are the expected changes in rk, given a change in common factors 1 and 2, 
respectively,


k
is the idiosyncratic risk factor with zero mean, and assumed to be 



uncorrelated with all the common factors, as well as with the idiosyncratic 

risk factors of the other firms.

Then, from elementary statistics we can derive the well known results in portfolio theory:
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If we denote by 
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the asset return correlation between firm i and firm j, then:
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To derive the asset return correlation between any number of firms we only need, according to (24-26), to estimate the ik, i.e., 2N parameters, and the covariance matrix for the common factors, i.e., 3 parameters.  In the previous example where we considered N=1,000 firms, the implementation of this 2-factor model would only require an estimate of 2,003 parameters instead of 499,500 different historical asset return correlations. For K common factors the number of parameters to be estimated is KN+K(K-1)/2. If K=10 then this number becomes 10,045. This result can be easily generalized to any number of common factors and idiosyncratic risk components.

The issue now is to specify the factor structure. CreditMetrics and KMV are proposing relatively similar models, and in the following we will only present KMV’s model which is more comprehensive and elaborate.
 

KMV constructs a three-layer factor structure model as shown in Figure 9:
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Figure 9: Factor model for asset return correlations


- first level: a composite company specific factor, which is constructed 
individually for each firm based on the firm’s exposure to each country and 
industry,


- second level: country and industry factors,


- third level: global, regional and industrial sector factors.

The first level of the structure divides between firm specific, or idiosyncratic risk, and common, or systematic risk. The first, systematic risk is captured by a single composite index, which is firm specific, and which is constructed as a weighted sum of the firm’s exposure to country and industry factors defined at the second level of the structure:
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for all firms:  k=1, …, N

where

rk = asset return for firm k

CFk = composite factor for firm k

k = firm k’s response to composite factor, i.e., expected change in rk given a change in 
composite factor

k = firm k’s specific risk factor

The composite factor is constructed as the sum of the weighted country and industry factors specified at the second level of the structure:
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where 

Cm
= rate of return on country risk factor m

In
= rate of return on industry risk factor n

km = weight of firm k in country m, with the constraint that 
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kn = weight of firm k in industry n, with the constraint that 
[image: image135.wmf]å

=

n

kn

1

a


For example, consider a Canadian firm which has two lines of business, and assume that the data is extracted from Compustat:

Business line


SIC


Assets


Sales

Lumber and forestry

2431

35%


45%

Paper production

2611

65%


55%

Total





100%


100%

To determine the weight by industry we average the asset and sales breakdowns. Thus for the above example the weight for Lumber and Forestry is:

40% = (35% + 45%)/2

and for Paper is:

60% = (65% + 55%)/2

Note that by construction the weights add up to 100%. The country exposures are calculated in a similar manner and should also sum up to 100%. In this example, we assume a 100% exposure to Canada. Then the composite factor can be written as:

CF = 1.0 Ccanada + 0.6 Ipaper + 0.4 Ilumber
At the third level of the factor structure the risk of countries and industries is further decomposed into systematic and idiosyncratic components.  The systematic component is captured by basic factors like: global economic effect, regional factor effect and sector factor effect.  While the common factor is firm specific, the third level factors are the same for all countries and all industries:

Country returns
=


Global economic effect
+
Regional factor effect
+
Sector factor effect
+
Country specific risk

Industry return
=
Global economic effect
+
Regional factor effect
+
Sector factor effect
+
Industry specific risk

We can now express this factor structure into a form similar to (23) from which it is easy to derive the asset return correlations (26).

Appendix I: Integrating Yield Spread with Options Approach


In this Appendix we show how to use the option pricing framework can be combined with the conventional yield spread approach to extract from yield spreads the cost of credit risk and the recovery value. Consider the following table of US Treasury and on corporate bonds yields.

Prevailing Market Yields and Spreads
Maturity

(Years)
US

Treasury

Par Yields
Company

X

Par Yields
Credit

Spread

1
5.60%
5.85%
.25

2
5.99%
6.34%
.35

3
6.15%
6.60%
.45

4
6.27%
6.87%
.60

5
6.34%
7.04%
.70

6
6.42%
7.22%
.80

7
6.48%
7.38%
.90

Semi-annual 30/360 yields

The above data can be transformed to derive the zero-coupon curves for the Treasury and the corporate bonds.

Zero-Coupon Curves
Maturity

(Years)
US

Treasury

Zero
Company

X

Zero

1
5.52%
5.76%

2
5.91%
6.25%

3
6.07%
6.51%

4
6.19%
6.80%

5
6.27%
7.18%

6
6.36%
7.37%

7
6.42%
7.54%

Continuously compounded 30/360 zero coupon rates

The zero-coupon table is used in order to derive the one year forward rates N year forward.  This information is needed for credit matrix and other evaluation systems which are based on yield spreads.

One Year Forward Rates N Years Forward
Maturity

(Years)
US

Treasury

Forwards
Company

X

Forwards
One Year Forward

Credit Spreads

N Years Forward

1
5.52%
5.76%
.24

2
6.30%
6.74%
.44

3
6.40%
7.05%
.65

4
6.56%
7.64%
1.08

5
6.56%
7.71%
1.15

6
6.81%
8.21%
1.40

7
6.81%
8.47%
1.65

One year continuously compounded 30/360

We use the data for the zero-coupon curves to evaluate the implied parameter for a firm with T-year bond outstanding.

If company X has a two-year bond, it should have a yield consistent with 6.25% per annum for a zero coupon bond.  In other words, by converting the 2-year corporate coupon bond into its 2-year zero-coupon equivalent, its economic discrete time yield should be 6.25%.  The risk-free yield on an equivalent 2-year zero-coupon government bond is 5.91%.

If we also assume that the bond has a face value of F = 100 at T = 2, its present value, Bo, should be 
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.  If the standard deviation of the rate of return on the firm’s assets, (, is equal to 20% we can calculate the equity value So for any given firm’s value, Vo.  The problem is to find Vo and hence So such that 88.58 + So = Vo.  This problem is equivalent to that of finding Vo such that the put value is equal to:
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By trial and error, given the above assumptions, we find that by introducing Vo = 144 in the Black-Scholes model, the derived equity value is So = 55.44 such that 88.58 + 55.44 = 144.02 and also P0 = 0.58.

The cost of credit risk for the 2-year corporate bond can be derived from the value of a put option on Vo  given F = 100, which is 0.58 for the above parameters.  The present value of the recovery value of the loan is given by:
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By following the same procedure for ( = 15% we find that for Vo = 124, the value of bond and equity are, respectively, 88.58 and 35.42.  The cost of credit risk is P0 = 0.57 and the present value of the recovery value is 81.5.  For ( = 25% the yield spread is consistent with a market value of Vo = 170, which means a leverage ratio, LR, of only 0.524 and an equity value of 81.42.

Appendix 2: Risk Neutral Valuation using “Risk Neutral” EDFs

In Section 6 we show how to derive the “risk neutral” EDFs from the actual EDFs. We now illustrate how to use these risk neutral EDFs to value a bond or a loan subject to credit risk and a credit derivative.

(i)
Case of a single cash flow

Example 1: Valuation of a zero coupon bond with a promised payment in one year of $100, with a recovery of (1-LGD) if the issuer default, i.e. LGD is the loss given default, assumed to be 40% in this example illustrated in Figure 9.

The default risk free component, $100(1-LGD) is valued using the default free discount curve, i.e.

PV1 = PV (risk free cash flow) = 
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where r denotes the one year risk free rate assumed to be 10%.








Figure 9: Valuation of a single cash flow subject to default risk

The risky cash flow is valued using the Martingale approach, i.e.

PV2 (risky cash flow) = EQ (discounted risky cash flow) 

where the expectation is calculated using the risk neutral probability. Denote Q, the risk neutral probability that the issuer defaults in one year from now, and it is assumed to be 20%, then:

PV2 = PV(risky cash flow) =
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The present value of this zero coupon bond subject to default risk is the sum of the default free component and the risky component, i.e.

PV= PV1  + PV2  = $54.5 + $29.1 = $83.6

If the zero-coupon bond were default free, its present value would simply be its discounted value using the default free interest rate, i.e.

$100/(1+r) = $90.9

We can then compute the implicit discount rate, R, which accounts for default risk, i.e.

R = r + CS

where CS denotes the credit spread. It is solution of


[image: image141.wmf]CS

r

r

Q

LGD

r

LGD

+

+

=

+

-

+

+

-

1

100

1

)

1

(

100

1

)

1

(

100





(A1)

Solving (5) for CS gives:
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For this example, R = 19.6%, so that the one year credit spread for this issuer is 9.6%

(ii)
Generalized pricing model for a bond or a loan subject to default risk

The previous approach can be easily generalized to the valuation of a stream of cash flows 
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or, in continuous time notation: 
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where Qi  denotes the cumulative “risk neutral” EDF at the horizon ti  and   
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Example 2:  What is the value of a 5 year bond with a face value of $100, which pays an annual coupon of 6.25%?   

The risk free interest rate is 5%, the loss given default (LGD) is 50% and the cumulative risk neutral probabilities are given in the table below:

Time
Qi
Discount factor 
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Cash flow
PV1
(Risk free cash flows)
PV2
(Risky cash flows)

1
1.89%
0.9512
6.25
2.97
2.92

2
4.32%
0.9048
6.25
2.83
2.71

3
6.96%
0.8607
6.25
2.69
2.50

4
9.69%
0.8187
6.25
2.56
2.31

5
12.47%
0.7788
106.25
41.37
36.21




Total
52.42
46.65




PV = PV1 + PV2  = 99.07

This methodology also applies to simple credit derivatives such as a default put:

Example 3: What is the premium of a one year default put which pays $1 in case the underlying bond defaults?


Assume a risk neutral probability Q = 0.39% and an interest rate r = 5.8%, then


premium = 
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Figure 3: Bankruptcies and defaults, quarterly from 1973 - 1997
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� KMV is a trademark of KMV Corporation. The initials KMV stand for the first letter of the last names of Stephen Kealhofer, John McQuown and Oldrich Vasicek who founded KMV Corporation in 1989. S. Kealhofer and O. Vasicek are two former academics from U.C. Berkeley.


� This can lead to adverse selection of corporate customers in banks. Indeed, if the pricing of loans is based on this average historical default rate, then a typical customer will be overcharged and may have an incentive to leave, while the worst obligors in the class will benefit from an advantageous pricing with regard to their actual credit risk.


� Cf., for example, Duffie (1992).


� This contribution has been followed by Galai and Masulis (1976), Black and Cox (1976), Merton (1977), Lee (1981), Ho and Singer (1982), Pitts and Selby (1983), Johnson and Stulz (1987), Chance (1990), Cooper and Mello (1991), Shimko, Tejima and van Deventer (1993), Leland (1994), and Kim, Ramaswamy and Sundaresan (1996).


� See also Litterman and Iben (1991) and Madan and Unal (1996). This approach is consistent with the “CreditMetrics” methodology suggested by J. P. Morgan (1997) to assess credit risk exposure for the banks’ portfolio of fixed income instruments.


� This approach is difficult to implement in practice, and in some instances the model calibration yields negative default probabilities. This inconsistent result comes from the fact that the recovery factors not only vary over time, but also should be endogenously determined in the model since the loss incurred by the debt holders should depend explicitly on the value of the firm’s assets.


� Sections 2-4 are drawn from our paper “Credit Risk Revisited” which appeared in Risk, March 1998.


� The model builds on Black and Cox (1976)’s extension of Merton’s (1974) model.


�  10% is the annualized interest rate discreetly compounded, which is equivalent to 9.5% continuously compounded.


� A leverage factor equal to 0.7 can be presented by a face value F = 77.


� The computed cost of default is slightly different from the put value due to rounding errors.


� See Vasicek (1997) and Kealhofer (1995,1998). See also the Appendix of Chapter 8.


� i.e. the composition of its liabilities: equity, short term and long term debt, convertible bonds, etc…


� Financial models consider essentially market values of assets, and not accounting values, or book values, which only represent the historical cost of the physical assets, net of their depreciation. Only the market value is a good measure of the value of the firm’s ongoing business and it changes as market participants revise the firm’s future prospects. KMV models the market value of assets. In fact, there might be huge differences between both the market and the book values of total assets.  For example, as of February 1998 KMV has estimated the market value of Microsoft assets to $US 228.6 billion versus $US 16.8 billion for their book value, while for Trump Hotel and Casino the book value which amounts to $US 2.5 billion is higher than the market value of $US 1.8 billion.


� The exception is when the firm’s portfolio of businesses has changed substantially through mergers and acquisitions, or restructuring.


� See also Crouhy an Galai (1994),  Bensoussan, Crouhy and Galai (1994,1995), Vasicek (1997) for the valuation of equity for more complex capital structures which, for example, include  equity warrants and convertible bonds.


� In the general case the resolution of this model may require the implementation of complex numerical techniques, with no analytical solution, due to the complexity of the boundary conditions attached to the various liabilities. See, for example, Vasicek (1997).


� It can be shown that S= S,A  where S,A denotes the  elasticity of equity to asset value, i.e., �EMBED Equation.2���(cf. Bensoussan, Crouhy, Galai (1994) ). In the simple Merton’s framework, where the firm is financed only by equity and a zero coupon debt, equity is a call option on the assets of the firm with striking price the face value of the debt and maturity the redemption date of the bond. Then, the partial derivative �EMBED Equation.2��� is simply the delta of the call with respect to the underlying asset of the firm.


� See the Appendix of Chapter 8: the distance to default can be easily derived from expressions (1)  and (4).


� See, for example, Jarrow and Turnbull (1997b, Ch. 5 and 6).


� An empirical issue is whether the corporate spread should be calculated over the Treasury curve, or instead over the LIBOR (swap) curve.  It seems that the best fits are obtained when spreads are calculated over LIBOR.


� See, for example, Elton and Gruber (1995, Ch. 8). While a multi-factor model can be implemented directly, the model gains very convenient mathematical properties if the factors are uncorrelated, i.e., orthogonal.  There are simple techniques to convert any set of correlated factors into a set of orthogonal factors.  In that case we would have cov(I1,I2)=0.


� For a review of multi-factor models see Elton and Gruber (1995) and Rudd and Clasing (1988).  The most widely used technique in portfolio management is the single index model, or market model, which assumes that the co-movement between stock returns is due to a single common index, the market portfolio. The return generating process for this model is described by rk=k+krM+k where rM denotes the rate of return on the market portfolio. This model can then be extended to capture industry effects beyond the general market effects.  Rosenberg (1974) has developed a model for predicting extra market covariance which relates not only on industry factors, but also company specific descriptors like market variability which captures the risk of the firm as perceived by the market, earnings variability, index of low valuation and unsuccess, immaturity and smallness, growth orientation, and financial risk.  (See Rudd and Clasing (1988).) Finally, a number of multi-factor models have been proposed which relate security returns to macroeconomic variables.  Excess returns are explained by the unexpected changes, or innovations, in variables like inflation, economic growth as measured by unexpected change in industrial production, business cycles as proxied by the corporate spread over Treasuries, long-term interest rates, short-term interest rates, and currency fluctuations.  (See Chen, Roll and Ross (1986) and Berry, Burmeister and McElroy (1988).)


� Compustat is a database of financial and economic information on firms.


� SIC denotes the Standard Industrial Classification which is a US based business classification system.
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