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O n  the Asymptotic Power of Tests for Independence 

in Contingency Tables from Stratified Samples 
GAD NATHAN" 


The statistics of several alternative procedures, proposed to test for inde-

pendence in contingency tables derived from stratified samples, all have the 

same asymptotic chi-square distribution, under the null hypothesis. By con-

sidering a modified sampling procedure, it is shown here that they also have 

the same asymptotic distribution under any alternative hypothesis-the non-
central chi square, with the noncentrality parameter of Wald's test for the case 

of independently and identically distributed variables. Simulation, used to 

compare the finite-sample powers of the tests, shows small differences between 

the various methods and close approximation to the asymptotic results. 

1 .  INTRODUCTION 

Several alternative approximative methods have been 
proposed to test for independence in contingency tables 
which are derived from a stratified sample, rather than 
from a simple random sample as in the classical case. 

The author [6] has proposed an iterative procedure 
which approximates, as closely as necessary, the exact 
maximum likelihood estimates of the cell-probabilities, 
under the nonlinear null hypothesis. The log-likelihood 
ratio, the chi-square or chi-one square statistic based on 
these estimates can then be used. The first iteration esti- 
mates of the cell probabilities under this procedure are 
exactly those which minimize the chi-one square statistic, 
subject to a linearization of the null hypothesis. This was 
proposed by Bhapkar [I] ,  who showed [2] that this 
minimal chi-one square statistic is algebraically equiva- 
lent to the large sample (Wald) test statistic, based on the 
asymptotic normality of unbiased estimators of the lin- 
earized hypothesis function or of "natural" estimators of 
the nonlinear hypothesis function. Garza-Hernandez and 
h!tcCarthy [4] have proposed using the likelihood ratio 
test, based on the assumption of asymptotic normality 
of ratio estimators of the conditional cell probabilities, 
given one of the marginal classifications. This is again 
equivalent to a large sample (Wald) statistic based on 
the ratio estimators of the hypothesis function, which is 
linear in terms of the conditional probabilities. 

The asymptotic distribution of all statistics proposed 
is chi-square under the null hypothesis. By considering a 
modified sampling procedure, it is shown here that 
Bhapkar's statistic [ I ]  and the three statistics based on 
the author's approximations to maximum likelihood 
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estimators under the null hypothesis [6], all have the 
Same asymptotic distribution under any hypothesis. 

Simulation is used to compare finite sample size powers of 
these with the asymptotic powers for a certain 
set of parameters. 

2. THE STATISTICS COMPARED 

The population is assumed to be divided into t strata 
and, within each stratum, classified by a double classifica- 
tion with r and s categories. Let P i j k  ( i=  1, . . . , r ;  
j= 1, . . . , s; k =  1, . . . , t) be the joint probability that 
an item is in stratum k and is classified in the (i, j)th  cell. 
Marginal probabilities are denoted Pi.., P.j., Pij, etc., 
with P k  = 2iIjP i j k  assumed known and 2 k  P k  =1. The 
hypothesis of interest is: 

The basic sampling procedure considered in [6] (re- 
ferred to in the following as "Procedure A") is simple 
stratified sampling (with replacement), of size n, with a 
fixed number of units, nk, selected within the kthstratum, 
(2k nk =n). Let nijk be the number of sample items from 
stratum k in the (i, j ) th cell (with Zirj nijk =nk). The 
joint probability function of (nijk}, given the values of 
{ Pijk} , is then: 

The author [6] has proposed the log-likelihood ratio 
statistic : 

to  test the hypothesis (2.1), where: 

Pijk = (nijk/nk)Pk (2.4) 

are the unrestricted maximum likelihood estimates of 
Piik,and p i j k ( ~ )  are obtained at  the Nth step of an itera- 
tion procedure to approximate as closely as necessary the 
maximum likelihood estiyates under the null hypothesis. 
The first step estimates Pijk(2.1) were shown [6] to be 
those which minimize the chi-one square statistic: 
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subject to a linearization of the null hypothesis (2.1), as 
proposed by Bhapkar [I].  

If we define: 

where 

then Bhapkar [2] has shown that the minimum of (2.5) 
subject to a linearization of (2.1) is given by: 

where : 

and 

Other statistics which can be used to test the hypothesis 
are the chi-square and the chi-one squfre statistics, based 
on the final step iteration estimates Pijk(N), defined as 
follows: 

Garza-Hernandez and McCarthy [4] have proposed a 
maximum likelihood ratio statistic: 

where d l =  (q11, . . . , q,,,- I), with qii= @ij./Pi.., r is an 
r(s-1)X (r-1) (s -1) matrix such that q l r  = 0 is equiva- 
lent to the null hypothesis (2.1) and x is an estimate of 
the variance-covariance matrix of 4. I t  should be noted 
that this statistic is not invariant under transposition of 
the contingency table (exchanging rows and columns), 
as are the other statistics. 

All the foregoing statistics are asymptotically dis-
tributed chi square with (r -1) (s- 1) degrees of freedom, 
under the null hypothesis. 

3. THE ASYMPTOTIC POWER 

Bhapkar [2] has pointed out that (2.10) is algebraically 
identical with Wald's [s] large sample statistic, (if all 
nijk>O), and conjectured that Wald's asymptotic results 
for independent identically distributed variables hold also 
for the case of several different independent multinomial 
distributions. This conjecture can be shown to hold for 
the situation considered here by considering the following 

modified sampling procedure ("Procedure B") : For each 
of the n sample units a stratum k is assigned indepen- 
dently with probability rk (Zk rk = I).  Given the stratum 
assignment k, the sample unit is selected a t  random (with 
replacement) from stratum k. 

The joint probability function of {nijk} is then: 

t,bB[ {nijk} 1 { p i j k }  1 
n!  p i j k  (3.1)-- -----nz,3.k ( -pk rk)n,. 

ni,j,k%ilk! 

I t  is easy to see that the unrestricted maximum likeli- 
hood estimates of Pijkfor Procedure B are the same as for 
Procedure A, as given by (2.4), except that the nk are 
random variables. 

Furthermore : 

Thus : 

and 

If nk=nrk for Procedure A it follows that (2.12)) and thus 
also the test statistic (2.10), are algebraically identical for 
the two sampling procedures. The sample distribution of 
the statistic (2.10) is however in general not identical for 
the two sampling procedures. In  fact, the distribution of T 
under Procedure A is the conditional distribution of T 
under Procedure B, given the values of nk. 

However, if nk = nrk, the limit as n--t a,, of the condi- 
tional distribution is the same as the limit of the uncondi- 
tional distribution of T under Procedure B. 

This can be seen by noting that T depends on {niik} 
only through the values of { P i j k }  = { (nijk/nk)Pk}. The 
conditional distribution of {nijk}, given (nk) ,  is that of 
the product of t independent multinomial distributions 
with parameters [nk; ( P i j k / P k  ) 1. Let Zk =nk/n. Then the 
conditional distribution of { 4%[Pijk- pijk] } , given 
Zk=zk, is asymptotically multinormal with zero means 
and variance-covariance.matrix : 

Since the vector random variables {Zk} converge in 
probability to {rk) as n + ~ ,  it is easy to see that the 
unconditional distribution of { 4 n [Pz3k-PiJk]) is asymp- 
totically equal to their conditional distribution, given 
Zk=rk (i.e., nk=nrk). Thus the distribution of T for Pro- 
cedure A is asymptotically equal to the distribution of T 
for Procedure B. 
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The log-likelihood ratio statistic G, given by (2.3), can 
easily be seen to be algebraically equivalent under both 
sampling procedures (in the same way as was shown for 
T). Moreover Neyman [7] has shown that the probability 
that they contradict each other tends to zero as n-+ m ,  

irrespective of the true parameters, both under sampling 
Procedure A and B. This implies that G and T have the 
same asymptotic distribution under either sampling Pro- 
cedure A or B, and, according to the preceding statements, 
that they have the same asymptotic distribution for both 
sampling procedures, for any set of parameters. 

Sampling Procedure B fulfills the conditions required 
for Wald's results [S], since the likelihood (3.1) can be 
expressed as 

where x$L =1 if the .tth sample item is in stratum k and in 
the (i, j ) th cell (4=1, . . . , n), and zero otherwise. Thus 
the random variables : 

x(" = . . . , xj2) are independently and identically 
distributed. But for this case Wald [S] has shown that 
both T and G are asymptotically distributed noncentral 
chi square, with (r -1) (s -1) degrees of freedom and with 
noncentrality parameter: 

(Note that X is independent of n, since B(P) has a factor 
of n-I). This is the value of T, given by (2.10), with 3 
replaced by P, the true parameter vector. 

Neyman [7] has also shown that the chi-square and 
chi-one square tests defined by (2.14) and (2.15) are 
asymptotically equivalent to the log likelihood ratio test 
defined by (2.3), so that they too have the same asymp- 
totic power as G or T. 

4. THE SIMULATIONS PERFORMED 

To compare the powers of the statistics with the 
asymptotic power for the case of a finite size sample, four 
sets of parameters { ~ i j k }for a three-strata 2 x 3  con- 
tingency table were used (r =3, s=2, t =3)-all with the 
same marginal probabilities Pi.k, P .jk. The first set, which 
fulfilled the null hypothesis-H,: Pij.=P i . .P , j . ,  was the 
final iteration solution for maximum likelihood estimates 
obtained from the observed frequencies of the exampit: 
used by Garza-Hernandez [4] (and also in [6]). The other 
three sets, which represent alternative hypotheses, de- 
noted by HI, Hz and Ha, were obtained from the null 
hypothesis by changing the values of P i j k ,  keeping mar- 
ginal probabilities Pi.k, P . j k  fixed, so as to obtain for H1, 
HZ, Ha, respectively, values of H = .0025, .0053, .0253 for 
the information measure : 
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7 .  	 VAL UES OF THE PARAMETERS-Pijk-FOR 
EACH OF THE ALTERNATIVES 

Total* 1.00000 ,32740 ,67260 .I2740 ,67260 ,32740 ,67260 ,32470 ,67260 

rota1 1 ,29610 ,09700 ,19940 ,08683 .20957 ,08172 ,21468 ,06512 ,23128 


2 ,52360 ,17110 ,35220 ,18157 ,34203 .I8157 ,31203 ,20328 ,32032 

3 ,1800 ,05900 ,12100 ,05900 ,12100 ,06411 ,11589 ,059b0 ,12100 


Total* ,17080 ,03360 ,13720 ,03360 ,13720 ,03360 ,13720 .03360 ,13720 

K-1 1 ,05210 ,01870 ,03340 ,01696 ,03514 ,01609 ,03601 ,01325 ,03885 


2 ,09560 ,01160 ,08400 ,01331 ,08226 .01331 ,08226 ,01705 ,07855 

3 ,02310 .00330 ,01980 ,00330 ,01980 ,00117 ,01893 ,00330 ,01980 


Marginal probabilities are equal for all alternatives. 

The values of P i j k  used for each of the hypotheses are 
given in Table 1. They cover the important range of 
((interesting" alternative hypotheses for this case, since 
more extreme hypotheses produce samples which in gen- 
eral would show obvious departures from independence, 
by inspection only. 

In  each simulation the values of nijk ( i =  1, . . + , r ;  
j=l,  . . . , s) were generated within each stratum 
(k =1, . . . , t) from the multinomial distribution with the 
parameters (nk, {piik/pk}), where the values of nk were 
fixed (nl =92, nz =112, n3 =78, as in the example data, 
used in 141) and values of P i j k  were determined as previ- 
ously mentioned for each hypothesis. One thousand simu- 
lations were made for H i  and 500 for each of HI, Hz and 
Ha. For each set of nijk values generated, the iteration 
procedure of [6] was executed and the five statistics de- 
fined in Section 2 by (2.3), (2.10), (2.14), (2.15) and 
(2.16) were computed. Each statistic was compared with 
the critical chi-square value for significance levels a1= .Ol, 
az= .05 and a3= .lo. 

For each of the four hypotheses, the relative frequencies 
of the number of times that each of the five statistics ex- 
ceeded the critical chi-square values, for each of the three 
significance levels, were computed. The results are given 
in Table 2 and they estimate the probabilities of rejecting 

2. 	RELATIVE FREQUENCIES OF TIMES NOMINAL 
SIGNIFICANCE LEVELS EXCEEDED 

- S~mulation- esrimated paver 
a Bhapkar l1~~lih00d ~rarra-~ernande;  ~ s ~ ~ sranderd~ t ~llaxinun 	 t 

error
Hypothe.lb T \' X '  G GI 
power 

.01 ,005 ,005 ,011 ,005 ,006 ,010 ,033 


(1,000 ~ r e r a t i a n s )  .05 ,044 0 5  ,058 ,036 ,047 ,050 ,007 


H = ,0000 ,I0 ,092 ,090 ,105 ,092 ,097 ,100 ,009 

.01 ,035 ,015 ,044 ,028 ,038 ,021 ,001 


(500 rrctrtians) .05 ,095 ,080 ,116 ,092 ,100 ,098 ,013 


,017
H - ,0025 .10 ,187 ,166 ,200 ,174 ,188 ,110 

.01 ,056 ,048 0 7 5  ,048 ,054 ,053 ,010 

"2 


(500 Ireratians) .05 ,174 1 5 4  ,200 6 ,190 ,157 ,016 


-H ,0053 .10 ,265 ,248 ,288 ,250 ,275 ,251 ,019 

"3 
.01 ,376 ,325 ,418 ,332 ,388 ,395 ,022 

(500 ILeraLlonr) 

H - ,0253 

.O5 

.10 

,538 

,762 

,592 

,742 

,674 

,782 

,595 

,742 

,554 

,774 

,547 

,755 

,021 

,019 

"Computed as ~ P ( ~ - - P ) I N ,where P is the asymptotic power and N the num- 
ber of simulations. 
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the null hypothesis using each of1 the five statistics, for 
each of the three nominal significance levels and for each 
of the four hypotheses. In addition, the common asymp- 
totic power of the first four statistics was computed from 
the results of the previous section and also noted in Table 
2 together with the standard errors of estimates based 
on the given number of simulations. 

5. ANALYSIS OF RESULTS 

Table 2 shows that while the probabilities of rejecting 
H,  using the chi-one square statistic (2.14) somewhat ex- 
ceed, but are close to, the nominal significance levels, 
these probabilities are much lower than the nominal 
levels for the other statistics. 

The estimates of power, obtained from the relative fre- 
quencies of exceeding the critical chi-square values for 
the alternative hypothesis, are obviously affected by the 
estimated true significance levels attained. Thus, the chi- 
one square statistic with a high estimated true signifi- 
cance level, retains apparent superiority of power under 
all the alternative hypotheses for all nominal levels of 
significance. 

For all five statistics the asymptotic power (of the first 
four statistics) is well approximated by the empirical 
simulation power. 

To eliminate the effect of the different true levels of 
significance of the statistics, unbiased estimates of the 
Expected Significance Levels (E.S.L.), proposed by 
Dempster and Schatzoff [3], were computed, for each 
alternative hypothesis. The estimated E.S.L. is the Mann- 
Whitney statistic based on the number of times each 
value of the statistic under the alternative hypothesis 
exceeds a value of the same statistic under the null hy- 
pothesis. The E.S.L. values measure the relative effi- 
ciencies of the statistics independently of the true signifi- 
cance levels attained. The estimated values, given in 
Table 3, show very small differences in the E.S.L. 

Simultaneous test procedures for testing differences 
between the E.S.L. values of any subset of the five 
statistics, based on tests proposed by Gabriel [5], were 
applied to 100 simulation runs for each of the three 
alternativ'e hypotheses and no pair of statistics showed a 
significant difference (at the five percent level). 

For the specific data used and under the specified al- 
ternative hypotheses for which simulations were made, it 

3.  ESTIMATES OF EXPECTED SIGNIFICANCE 
L EVELS (E.S.L.) 

Minimal Chi-one-square (Ihapkar) - T ,5412 ,6446 ,9099 

Wx. Likelihood - chi-sguarc - X' ,5424 ,6411 ,9034 

Hex. Likelihood - chi-on=-aquare - X; ,5472 .645l ,9065 

-sax. Likelihood log-likelihood 
ratio - C ,5425 ,6394 ,9049 

caira-Hernandez - log-likelihood 

ratio - c1 ,5160 ,6445 ,9099 


-- .-

seems that no single statistic can be shown to be the best, 
as indicated also by the asymptotic result. Thus the chi- 
one square statistic of Bhapkar [I] could serve a t  least 
as well as any other, so that the additional iterations 
needed to approximate the maximum likelihood esti-
mates, as proposed by the author in [6], are not really 
necessary. 
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